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Abstract

Panel data models with factor structures or interactive fixed effects have been
researched for decades. In this paper, we proposed the two-way Mundlak-type
projection estimator for such models, allowing for linear or interactive relation-
ships between the factor structures and the regressors. We further consider the
endogenous case, by combining the Mundlak-type estimation with the control
function approach to simultaneously control all the correlations between the re-
gressors and the composite errors. All of our estimation procedures do not require
iteration. For inference, we apply the dependent wild bootstrap to obtain consis-
tent covariance estimators and bootstrapped test statistics. In addition, we ex-
tend the robust inference method under the fixed-b asymptotics to the interactive
panel data models. The asymptotic distributions of the proposed estimators are
derived as long as one dimension of panels tends to infinity, and Monte Carlo sim-
ulations are conducted to verify the theoretical results in finite samples. Finally,
we apply our proposed methods to the estimation of the aggregate production
function.
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1 Introduction

Panel data models have become popular in economics and other fields for long peri-
ods. An important superiority of panel data models is that the parameters of interest
can be consistently estimated while controlling unobservable cross-sectional or time
heterogeneity. For decades, many empirical researchers have used factor structures to
capture the unobservable heterogeneity in panel data, which are called panel models
with the interactive effects or the factor augmented panels in the literature. In par-
ticular, the unobserved time-varying factors in such models have heterogeneous impact
across individuals, while causing cross-sectional dependence in the composite errors.

Since both individual specific effects and time-varying effects in the factor structures
are unobservable, they can be treated as either fixed parameters or random variables.
Hsiao (2018) summarized four formulations of the models and distinguishes differences
in various assumptions:

(i) When both individual effects and time effects are treated as random (Sarafidis
and Robertson, 2009), it is reasonable to treat them as a component of errors. The
correlations between regressors and factor structures lead to inconsistent estimator by
ordinary least squared while the instrumental variable estimation works.

(ii) If both are treated as fixed parameters, the common factors can be treated as
additional regressors (Pesaran, 2006; Bai, 2009; Moon and Weidner, 2015). Thus, there
is no need to discuss the specific correlation between regressors and factor structure.

(iii) In the case of random individual effects with fixed time effects (Sarafidis and
Wansbeek, 2012; Bai 2013; Robertson and Sarafidis, 2015), which corresponds to the
case with a large number of individuals and a fixed time span, the correlations between
the regressors and common factors can be controlled by treating the common factors
as fixed constants, and the quasi maximum likelihood estimations work if the random
individual effects is not correlated with the regressors.

(iv) In the case of random time effects with fixed individual effects (Hsiao, 2018),
it is reasonable to treat the factor loadings as fixed and assume that the regressors is
uncorrelated with the common factors, controlling the correlations between the regressor
and factor structures.

The above arguments show that the key point of estimation lies in how to deal with
the factor structures when correlation between regressors and factor structure exists.
Estimation methods can be classified accordingly. The most direct method is to esti-

mate the interactive effects under case (ii), where the factor structure is regarded as



fixed parameters. Bai (2009) proposed the iterative fixed effects (IFE) estimator under
large panels and show the theoretical guarantee. Jiang et al. (2021) show convergence
issues of the recursive estimation procedure of the IFE. In addition, Moon and Weidner
(2015) show that the estimator of Bai (2009) can be interpreted as a quasi maximum
likelihood estimator (QMLE), the consistency of which is maintained even when the
number of factors is not specified correctly, as long as it is larger than or equal to the
true number of factors. Moon and Weidner (2017) proposed a bias-corrected QMLE
estimator for dynamic panel data models with homogeneous slopes, while Moon and
Weidner (2019) used a nuclear norm regularization to obtain computational advan-
tage. Furthermore, Bai and Li (2014) proposed maximum likelihood estimation for the
models.

Another branch of literature proposed estimation methods that eliminate the in-
teractive effects directly. Holtz-Eakin et al. (1988) suggested eliminating the unob-
served factor component using the quasi-differencing transformation. Ahn, Lee and
Schmidt (2013) proposed the generalized method of moments (GMM) method. The
GMM method is based on a nonlinear transformation known as quasi-differencing that
eliminates the interactive effects. Estimating the common factors and then removing
the interactive effects is a compromise. Pesaran (2006) proposed the common corre-
lated estimator (CCE), which only allows the correlation between the common factors f;
and regressors. The CCE estimator uses the cross-sectional averages of both regressors
and dependent variables as proxies for the unobservable common factors. In addition,
Hsiao, Shi and Zhou (2021) proposed to find the null space of the factors or the loadings
and constructed the transformed estimators (TE) to get rid of the interactive effects.
Morkuteé,Sarafidis, Yamagata and Cui (2021) projected out the common factors from
the exogenous covariates of the model under case (i). Juodis and Sarafidis (2022) con-
sidered the case where regressors are allowed to be correlated with the factors and its
loadings under the fixed T" setup and proposed two methods to construct the factor
proxies by observed variables.

Last strategy aims to control the correlation between the regressors and interac-
tive effects. Then, IV or GMM-type estimation methods are applied. Ahn, Lee and
Schmidt (2001) proposed a GMM estimator to remove the correlation under case (iii).
Sarafidis and Robertson (2009) and Robertson and Sarafidis (2015) proposed IV or
GMM-based method by regarding the loadings and factors as random variables and
assuming there exist instruments that are both correlated with the regressors and un-

correlated with the composite error terms. Bai (2024) proposed a MLE of with the
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Mundlak or Chamberlain-type projection in order to control the correlation between
the regressors and loadings. Similarly, Hayakawa (2013) provided a GMM estimator
based on the Mundlak-Chamberlain type projection. Juodis and Sarafidis (2018) gave
a summary of the existing literature on the dynamic panel data estimators with multi-
factor errors and proposed a more general projection specification form.

The above approaches can be adapted to various specifications. Westerlund (2019),
Westerlund and Urbain (2015) compare the properties of CCE estimator, and IFE esti-
mator. Under certain assumptions, the relative properties of these two approaches are
different and no general conclusion is drawn regarding which one is dominant. Simi-
lar study regarding multi-factor error structure includes Phillips and Sul (2003), who
proposed a seemingly unrelated median unbiased estimator to estimate autoregressive
model with cross-sectional dependence and heterogeneous coefficients. Kneip, Sickles,
and Song (2012) estimated the unobservable common effects by smooth spline based on
the assumption that the unobservable common effects are a smooth function of time.

In this paper, we aim to extend the one-way Mundlak projection approach for the
panel data models with the interactive effects as noted or used in Bai (2009) and Bai
(2024), which only allowed for the linear correlation between the loadings and regressors.
In addition, Keilbara et al. (2023) projected the loadings onto the regressors by a non-
parametric form. Different from these papers, we regard both individuals effects and
time effects as random variables and allow the linear or interactive correlations between
the regressors and the factor structures by proposing a two-way Mundlak projection
method for the panel model with interactive effects. Our paper is also different from
the two-way Mundlak projection estimator in Wooldridge (2021), which focused on
the two-way fixed effects panel data model and estimated the interaction of time fixed
effects and individual fixed effect by using directly the interactions of the cross-sectional
and time averages of the regressors. While both factor loadings and common factors
are correlated with the regressors in a non-parametric way, they can be transformed
into a interactive form (Freeman and Weidner, 2023). Thus, our two-way Mundlak
projection method is more general. Secondly, our method does not require the iteration
step to estimate the factors or loadings, which may cause the asymptotic bias or require
additional rank conditions. In the case of linear correlation between the regressors and
factor structures, our approach can be regarded as an extension of the CCE approach.
For case of interactive correlation, it can be regarded as a combination of the CCE and
IFE approaches. Thirdly, our estimator, named the Mundlak least squared estimator

(MLS), is consistent and asymptotic normal under N and/or 7" tending to infinity.
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Last, we consider statistical inference for the proposed estimator under our framework,
in which a dependent wild bootstrap procedure (Gao, Peng and Yan, 2023) and a
fixed-b type robust inference procedure (Vogelsang, 2012) are proposed.

Furthermore, in the paper we consider another source of endogeneity, originating
from the correlation between the regressors and the errors, which has received much
attention recently. For example, Robertson and Sarafidis (2015) proposed a new in-
strumental variables approach for consistent and asymptotically efficient estimation of
panel data models with weakly exogenous or endogenous regressors under a multi-factor
error structure. Hong, Su and Jiang (2023) proposed a profile GMM estimation method
for panel data models with interactive fixed effects. Juodis and Sarafidis (2022) put
forward a novel method-of-moments approach for estimation of factor-augmented panel
data models with endogenous regressors and fixed 7. Morkuteé et al. (2021) projected
out the common factors from the exogenous covariates of the model, and constructed
instruments based on defactored covariates. Hsiao, Zhou, Kong (2023) extended the
transformed estimation approach to the endogenous case.

The rest of the paper is organized as follows. Section 2 introduces the models, the
Mundlak-type projection estimators in the case with linear correlation, and the asymp-
totic distribution of the estimators. In Section 3, we study the Munlak-type projection
in the general case with a interactive correlation between the regressors and the factor
structures. In Section 4, we further extend the Mundlak-type projection estimator to
the endogenous case. For inference, we propose the dependent wild bootstrap proce-
dure and the robust inference procedure in Sections 5 and 6, respectively. Section 7
gives the design of Monte Carlo simulations, while the empirical application is shown
in Section 8. We conclude this study in Section 9. The simulation results are shown
in Appendix A and mathematical proofs are provided in the Appendix B. Additional

simulation results are shown in Appendix C (not for publications).

2 Model and the Mundlak Estimators

2.1 Background and Motivation

The dependent variable y;;, observed on i-th individual at time ¢, for ¢ = {1,2,..., N}
and t = {1,2,...,T}, is generated by

Yit = Bo + 238 + e, (1)



where fy is an intercept, x4 = (Zit1, -+ , Tirp) s a px 1 vector of explanatory variables,
with a p x 1 vector of slopes 3. The errors e;; are cross-sectional correlated with a multi-
factor structure, i.e.,

eit = Aéft + €it, (2)

where f; is a r x 1 vector of unobservable common factors with r x 1 vector of factor
loadings \;, and g is the idiosyncratic error. We assume that the dimension r is fixed.

Although the common factors f; and factor loadings \; are strictly exogenous with
respect to the idiosyncratic errors €; under standard assumptions, the regressors x;
could be correlated with e;;, due to the correlation between x;; and f;, \;, €;;, resulting

in the inconsistency of the OLS estimator BO Ls:

Bors — B= (X1 Sri@awly) (i) ST ife + S S Tacn)-

Specifically, there may exist two sources of endogeneity that result in the correlations
between the regressors x;; and the factor structure A, f; in the errors. In this paper, we
propose Mundlak projection approaches and control function approaches to deal with
those correlations.

For time ¢, let T, = (1, % Zf\il Tit 1, s % Zf\il Titp) denote the cross-sectional av-
erage of the regressors. First, suppose that the factor loadings \; are uncorrelated with
xi. Then, to control for the correlation between x;; and f;, we may simply project the
common factor f; onto the space of the cross-sectional average 7., following Mundlak’s
approach (Mundlak, 1978), i.e., we let

+ &t (3)

where B is the coefficient matrix and & is the random projection error. In order to
display the spirit of our Mundlak projection approach, equation (3) restricts the linear
correlation between f; and 7.

Remark 1: We note that in Pesaran (2006)’s model with common corre-
lated effects z;; = I'. f; + v, where I'; is not correlated with );, the common
factor f; is assumed to be fully determined by the cross-sectional average
of regressor 7., (i.e., the variance of v; is assumed to converge to zero), as
N — oo. By contrast, in equation (3), the common factor f; can still be
affected by the idiosyncratic error ¢ even as N — oo (i.e., we allow for the
case where the variance of ¢, is fixed). The difference between f;, = BT, + &,

common factor f; has additional information ¢. In addition, z;; = I',f; + vy,
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x;i includes all the information of f;. above equation , we allow for the factor
number r is ‘larger than the number of regressor p.

Plugging the equation (3) into factor structure (2), the model (1) becomes
yie = o+ 7S+ NBTs + ua, (4)

where u; = N + €. Then, under the previous assumption that \; is uncorrelated
with z;, A& will be uncorrelated with Z.; and x;;. Therefore, the pooled OLS estimator
of 5 in (4) is consistent under standard regularity condition, by using the argument of
partitioned regression.

More specifically, for j = {1,--- ,p},let Z..; = + SNz, and X = (Tay,--,Try)

Stacking time ¢, the regression (4) can be written as the following vector form:

Y = upfo + Xif + XB'A; + u;, (5)
where Y; = (yﬂ, Yi2---, yz’T)la X :(3711,3712---713@)/, X = (lT; X-,h T 7X-,p) with
Tx1 Txp Tx(p+1)
lr = (1,1,---,1), and uw; = (u;1, Uz, ..., u;r)’. We pre-multiple the equation (5)
Tx1 Tx1

by Mg = Iy — X(X'X)7'X’, and the model becomes
MzY; = Mg X5+ Mxu;.
Then, the standard (one-way) Mundlak-type least squared estimator is defined as
Pan = (T XM X0) (L, X[ MY, (6)

However, if the factor loadings \; is in fact correlated with x;, the above one-way
Mundlak estimator B\Ml is no longer consistent. In the following section, we propose
a two-way Mundlak projection estimation procedure to deal with such a more general

setting.

2.2 The Two-way Mundlak Projection in Linear Form (CLF)

To control for the correlation between x;; and \;, we further project \; onto the space
of the time average of x;;. Specifically, for each individual ¢, denote the time average of

_ T T
regressors as T; = (1, % Do Titgs % > i1 Titp)'. Then, we have

rx1  rx(p+1)(p+1)x1

where, A is a constant coefficient matrix and 7; is the projection error.
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Thus, our panel model now consists of equations (1), (2), (3), and (7). Plugging (3)

and (7) into the factor structure (2), we can re-write (1) as

v = Bo+a,S+T,B'n+7T A +T. A'BT,+ 0 +en
where p; = B'n;, & = A&, and uy = ni& + i

(p+1)x1 (p+1)x1
Similar to the argument of partitioned regression in Section 2.1, we implement

the following steps to remove the nuisance parameters and obtain a direct estimation
procedure of the parameter of interest 5. First, by stacking time ¢, we can re-write the

regression (8) as
Y; = Bo-lr + X;8+ Xp; + 67 + XB'AT;. + u;, (9)

where  § = (01,09,...07)".

Tx(p+1) o B
Second, we pre-multiply the equation (9) by Mg = Iy — X(X'X)"1 X"

MzY; = Mz X0+ Mzox; + Mzu;.
Third, we stack individual ¢, and rewrite the above model as
MgY = B - MgX'+ Py MgX?+ ...+ B, Mg XP + Mgé X'+ MU,

where Y = (Y1,Ys,...,Yy), X/ is a T x N matrix being the j** regressor matrix
TxN TxN

associated with the parameter 3;, X = (T1.,%2,....,25.), U = (u1,ug,....,un) =
Nx(p+1) TxN
&n' +e.

Then, we post-multiply the equation by My = Iy — X(X'X)™' X’ and obtain
MgYMx = (- MgX'Myx + ...+ 8, MxX?Mx + MgUDMyx. (10)

Finally, we collect all the transformed regressors for individual ¢ at period t, N%Z' =
Xp
[vec(Mg X' Mx), -+ ,vec(MxXPMyx)]. Similarly, let N;/ = vec(MgY M), and Ngf )
7 - X - X
vec(MxUMx). Thus, equation (10) can be further parameterized by

Y =XB+U, (11)
and then our two-way Mundlak least squared estimator is defined as

Bz = (X' X)XV (12)



Remark 2: Our approach is robust to the case with additional individual and time
fized effects. On the other hand, the interactive fized effect (IFE) estimator proposed
by Bai (2009) and other related approaches need additional treatment in this case. For

example, consider the interactive fixed effect model with two-way fixed effects:
Yie = Po + 23,8 + Nofe + i + ¢ + €

where «; s the individual fized effect and ¢, is the time fixed effect. To deal with «;, we

can write down an additional projection similar to (7), i.e.,
o= A T +i (13)
Then, by adding (13) to the right hand side of (8), we obtain
yie = Bo+ 2+ Typi + T, (0 + A) + T, A'BT + (7 + ). (14)

Thus, the two-way Mundlak estimator remains consistent in this case. The projection

for ¢y is similar.

2.3 Asymptotic Normality

In this section, we show the asymptotic properties of the two-way Mundlak type esti-

mator B weo. First, we give the following regularity conditions.
Assumption 1 A and B are finite and full row rank matrices.

Assumption 2 (i) E||Z|[* < oo; (ii) the matriz (NT)'X'X converges to non-

singular matriz, as (T, N) — oo.

Assumption 3 (i) u; is independent of Ty (i) Given Ty, let Uy = (uye... une)',
and U, = \/LNZZ]L wie, i which Uy follows a process Uy = (04,041, ---) with 6, =
(011, -+ ,0n¢)" being a sequence of independent and identically distributed random vec-
tors, E(0:|Z:) = On, and g(-) is a measurable function. In addition, let U} = \/LNUt*’lN,
where Uf = g(0, -+ ,601,0,0",---) is the coupled version of Uy, and 0} is an indepen-
dent copy of 0;. Suppose that Y, 1267, < oo, for k > 4, where 67, = ||U; — Uf||..

K

Remark 3: (1) The full row rank matriz of A in Assumption 1 implies the factor
loadings \; have not overlap, such that the rank of matrix % Zf\;l XiN; equals r. Similar,

the full row rank matrix of B implies the % Zfil fife is full rank. If the matrices of
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A and B are not full column rank, it implies that the number of true factors
is smaller than r and our estimation also work. We allow for the factor
number is larger than the number of regressors; (2) Assumption 2 directly set
the identification condition on the transformed regressors I, which is common in the
literature. (3) Since u;; = n& + €it, to show the estimated estimator is consistent, we
only need E(uy|Ty) = 0, allowing for &.,m; and e are mutual dependent. In Pesaran
(2006), the regressors are driven by common factors xy = TU%fi + vy, in which vy is
not correlated with €. Thus, we relax it; (4) To obtain the asymptotic distribution
of the estimator, Assumption 3(i) sets strictly assumption that uy is independent of
Tit, instead of E(uy|Ty) = 0, which is necessary as Bai (2009) and Gao et al.(2023);
(6) Since uy = n& + €, for all (i,7) and (t,s), there exists heteroskedasticity across
each i and t, serial correlation for each 1 and sectional dependence among individuals
for each t. Assumption 3(ii) assume the generating process of composite error g,
which is borrowed from Assumption 1 of Gao, Peng and Yan (2023). It’s more general
and allows for both cross-sectional dependence and serial correlation and conditional
heteroscedasticity in the composite error uy. As noted in Example 1.2 of Gao, Peng
and Yan (2023), Assumption 3 implies Assumption C of the errors in Bai (2009),
allowing for dependence in the both dimensions. Thus, according to Assumptions 2 and
3, and Theorem 2.1 in Gao, Peng and Yan (2023), let mXXp =(Mx® My)X, and the

(i — V)T +t row of X is denoted by Xy,

px1

(NT)" V22N ST Xua 5 N(0, Dyr),

where ® 7 is p X p dimensional non-singular positive matriz.

Under the above assumptions, we obtain the following Theorem 1.

Theorem 1 Under Assumptions 1-3, as (T, N) — oo, then
VNT (Busa — B8) % N(0, V).
where Vg = Uy ®nr Uk with Uy = plim =X'X and
(N, T)—o0

T

| NN
Snr = plim —ZZZ sj
7j=1

E ultujs Xn
(T\N) =00 =1 =1 1

S=
where uy = ni& + it
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Theorem 1 states the asymptotic distribution of BMQ as (T, N) — oo. Based on
the discussions in Gao et al. (2023), the panel HAC estimation is consistent
estimator of V. Specifically, let 7, = Tty With Gy = Gy — j;tBMZ' Define

px1

A

Uy = Ef\il Fyu; and compute a HAC estimator as
Q2 =To+ X" k(s/M)(T, +T7),

where 'y = 7 LS~ 11 iVi_s. Defining(? equals

1 LT
= TZZKtSVtV

t=1 s=1

{Qb

where K,, = k(|t — s| /M) is the Bartlett kernel with bandwidth M =~ T'/3.
Thus, the estimation of variance-covariance matrix of BMQ has the following

sandwich form,

> N T ~ ~1\—1A N T ~ ~7\—
Vo = T(Zi:l Zt:lxitx;t) 10(21‘:1 Zt:lxit‘r/it) !

According to Theorem 2.3 of Gao et al. (2023), E(Vs) = Vi + 0,(1),
as (N,T) — oo. Under our two-way Mundlak projection transformation, the
panel data model with the interactive fixed effects becomes the pooled panel
data model. Thus, it’s convenient to apply the wild bootstrap and robust
inference in the spirit of Gao et al. (2023) in Section 4 and Vogelsang (2012)
in Section 5 below.

We can also derive the asymptotic distribution of EMg under fixed T
and N — oo, or fixed N and T — oo. For example, if T is finite and under
Assumptions, thus the Corollary 1 can be derived. The case of fixed N and

T — oo can be derived similarly.

Corollary 1 Under the Assumptions N‘l/QZ?;le-uit A N(0,Py) with oy =
plim~- PRI D Zj S B(uiyuf ) XX, and LX'X converges to nonsingu-

N—o0
lar matrix as N — oo, then

\/N(B\M2 - ﬁ) i> N(07 VﬁZ)?

with Uy = plim+X'X and Vg = U oy T

N—o0
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3 The Two-way Mundlak Projection in the Inter-
active Form (CIF)

In general, the regressors x; can be correlated with the factor structure X, f; in an
interactive form. In such cases, the validity of the approach described in Section 2

would require more stringent assumptions. Specifically, under the model
yie = Bo+24,B+Typi +Tp0 + T ABTL + 0 + iy

if the factor structure \.f; is correlated with x;, then 7., in the composite errors u;
also be correlated with z;;.

In this section, we first show that under certain specific situations, the two-way
Mundlak projection method proposed in Section 2 still works even with the interactive
form. Second, we propose a hybrid approach by combining the two-way Mundlak
projection method with instrument variables. The validity of the new approaches under
the general setup with the interactive form is show.

Remark 4: In addition, we note that the averaging method in p.647 of Hsiao (2018)
and other one-way or two-way transformed estimation are also not applicable in the gen-
eral case with the interactive form. More specifically, given that E(n;) =0 or E(&) = 0,

averaging both sides of equation (8) along the time and/or individual dimension gives

U = (Bo+dd)+T B+T.p+ 7,0 +T.ABT. +nd+ & +n/E +&. (15)
Yi = (50 + C,d) + f,tﬂ + f/tﬁ + E’ét + f,A,BEt —+ ﬁ/d + Clét + 7_]’& + &, (16)
1 T N B
Vo = N 2o Dy Yis = (Bo+dd) +T B+ T p + 7.0+ 7 A'BT.
s= 1=

+7'd +dE +FE 42,

where §. = %Zle 0s = Ad+€ and p. = %Zj\le p; = B'c+1n. For large T (or N ), (or

assuming) averaged £ = 0, equation (15) becomes

7. = (Bo+dd+Bz.)+7.(6+ A'd+ A'BT.) (17)
+(n(d+ Bz.) + &),
U, = (Bo+dd+T Ad)+7T,(6+ B'c+ B'AT.) (18)

+H(T A+ )&+ &4),

Thus, the ordinary least square estimation using time averaged data (17) is inconsistent,
as p+ A'd + A'BZ.. is different from [, due to the additional terms T,.0; + T, A’ BT,
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in equation (8). Similarly, the ordinary least square estimation using cross-section
averages (18) is inconsistent, due to the additional terms T p; + T, A’ BT+ in equation
(8). It is therefore different from the case in equations (2.4) and (2.5) of Hsiao (2018)
on p.647.

3.1 The General Interactive Form

Let g; be the ' x 1 dimensional unobservable common factors in the data generating
process of the regressors x;;, similar to the setup of CCE. Specifically, we explicitly write

the interactive form between the regressors z;; and the factor structure! as follows:
it = Uipge + ha, (19)

where I';, denotes the factor loadings of x;;, which is correlated with )\;, and h;
denotes the idiosyncratic error, which is also called the de-factored version of the re-
gressors x;; in the literature; e.g., see Cui et al., (2022), Cui et al. (2023), Cao et al.
(2023) and others.

Intuitively, we consider the following two cases. For simplicity, let f; = (f, fia)"-
First, if x; is correlated with certain part of the common factors such as f;; and
uncorrelated with fio, then we expect that the space of g; in model (19) is related with
the space of f;;. Thus, we could control the correlation between the regressors and the
factor structure by controlling for g;. Similar to Juodis, Karabiyik, Westerlund
(2021), we allow for the possibility that some of the factors that enter the
equation for z;;, do not enter the equation for y;;. Second, if z;; is correlated with
the whole common factor f; in y;, then we expect that the space of g; in model (19)
should at least cover the space of f; given 1’ > r.

Furthermore, we need to distinguish between three cases, regarding the
rank of the ' x p dimensional matrix I';, and the factor number r. First, in
the case that r <’ < p, I';, is a full row rank matrix and we could transform
equation (19) into the setup of equations (3) and (7). The full row rank of
I';» ensure that Assumption 1 is valid and the two-way Mundlak projection

method in section 2 remains valid even under interactive forms. Specifically,

!Similar to Freeman and Weidner (2023), the relationship between the regressor and the fac-
tor structure can be written as the nonparametric format, such that for j = {1,--- ,p}, zy,; =
>t 05z (i)the (Vi) + hir j,where hy ; is the idiosyncratic errors for each regressor x;; ;. Thus, it can
be represented as the interactive form where g; = 1,.(7¢) be the ' x 1 dimensional unobserved common
factors and T'; = o059, () is its factor loadings for each regressors,
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according equation (1), z, = I".g; + h.;, with h, = % Zf\il hy 2 Opx1 as N — oo.
Thus, (T,I)"'T" %, 2 ¢, and then M3G 5 07y, as N — oo.

Second, in the case that " > p > r,the number of regressors is not smaller
than the number of common factor that enter the equation for y;. We can
divide g; into two parts g; = (f/,¢; _,)’, and then we can transform equation
(19) into

fi=DBi1ZT++ By gy + ftT

rXp rx(r'—r)
where 5; is the projection’s error. The Mundlak projection introduces the
additional correlation between regressor z; and g, _,, thus the pooled least
squared is still invalid.

Last, for the case that " > r > p, such that the rank condition is not
satisfied, we can not project all the common factors and factor loadings
into the space of the cross-sectional z;; as the two-way Mundlak’s format of
equations (3) and (7). Thus, the two-way Mundlak projection in Section
2 can be invalid and thus we propose the following methods of Section
3.2, which combine the previous two-way Mundlak projection method with

instrumental variables.

3.2 Two-way Mundlak Projection with Instrumental Variables

In the economic forecasting, the unobserved common factors can be estimated by many
observed macroeconomic variable (Stock and Watson, 2002). Bai and Ng (2010) used
the exogenous variable in the data rich environment to estimated the common factors.
In line with those spirit, we use the exogenous variables to fill the rank deficiency of
the equation (19).

A large panel of macroeconomic variables z;; are also driven by the common factors

g+ as equation (19), such that
zie = Uige + G, (20)
gx1

where T';, is the 7’ x ¢ factor loadings and (j; is the error. Thus, we combine the (19)

with above (20), obtaining the augmented regressors z7
i, ()= (8 o (€)
it = = ¢
(erq;fX 1 “it T Git
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where I'; = (I';;, ') and ¥y = (hl,, (},)’. The equation (20) makes sure p+q > 1" > r.
Let T, = + ZZN:1 z, and T, = Z:il x},. Thus, we can project the common factor
f+ and the factor loadings A; into the spaces of the cross-sectional and time average of

the augmented regressor z}, as the following two-way Mundlak’s projection,
ft = Bf*t + §:7

and

Next, we repeat the procedure in the equations (8)-(10) and then obtain

where X* = (F,%,.. 7)), X = (Ip, X7, X7) and Mg = Ip —
. Nx(p+l) Tx(p+1) ’ ’
XH(X¥X*) XY My = Ir — X*(X”X*)"' X*. The composite error u}, = ni'&; + e
and uf = (uly, uly, - ,ulp), U = (uj,uj, ..., uy).

TxN

Last, we collect all the transformed regressors for individual 7 at period t, N);{ =
Xp

[vec(M g X Mx+), - -+, vec(Mg. XP Mx-+)]. Similarly, let N};/*l = vec(Mx.Y Mx~), and
X

N[;*l = vec(Mx-U*Mx-). Thus, equation (22) can be further parameterized by
y X

Y* = X"+ U, (23)

and the least squared estimator is also defined as
Baa = (X7 X4 71Xy, (24)

We give the similar Assumptions of Section 2.

Assumption 4 (i) E||Z}|| < oo; (i) the matrix ﬁf(*’)?* converges to non-singular

matriz, as (T, N) — oo.

Assumption 5 (i) uj, is independent of Tj; (ii) Given Ty, let U = (uj, .. uy,)',
and U} = \/LN SNl in which Up follows a process U = g(0;,0;,_1,---) with 6, =
(011, -+ ,0n¢)" being a sequence of independent and identically distributed random vec-
tors, E(0,|73,) = On, and g(-) is a measurable function. In addition, let U} = \%NUt*’lN,
where Uf = g(0, -+ ,601,0,0",,---) is the coupled version of Uy, and 0} is an indepen-
dent copy of 0,. Suppose that Y, 1267, < oo, for k > 4, where 6f,, = ||U; — Uf||..

K
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Under above Assumptions and let N?jg* = (Mx+ ® Mg.)X*, the (i — 1)T +t row of
xp

X is denoted by Xj;, we obtain the following Proposition.
px1

Theorem 2 Under Assumptions 4-5, as (T, N) — oo, then

VNT (Bra — B) % N(0, Vay).

where Vay = Wi @8 Uy with Uiy = plim ﬁf(*’f(* and
(N,T)—o00
| LN T
#;VT: plzm _ZZZ E 1tu X:znga
(T\N)—00 i=1 t=1 j=1 s=1

R
where uf, = n'E + €.

We can also estimate V3, by the panel HAC estimation. Let ), = z,u},

px1
with @, = %, — 73 faa. Define 77 = SV %47 and compute a HAC estimator
as
fr = B+ ST k(s /M (S + ),

. _ 1 T Sk Skl . . . A .
where I'; = 7>, ., 7/ . Thus, the variance-covariance matrix of 3y is

estimated by
VB4 (Zz 1Zt 17@;&/) 19*(21 1Zt 17@;’)
4 Endogenous Regressors

In empirical application, the endogeneity of data popularly exits. In this section,
zi = (24, Th;)", in which zy; is a p; x 1 vector of exogenous variables xy; and g
is po X 1 vector of endogenous variables. In particular, cov(zy4,e:) = 0, and o, are
correlated with €, such that cov(xg;, e;) # 0, leading to the inconsistent estimator by

the estimator in Section 2.

4.1 The Mundlak-Control Function approach

Let z9;4 is m x 1 vector of additional exogenous variables or instrument variables with

m > po and zy = (2}, 25;,)'. The endogenous regressors xq;; has linear reduced form,
/
Tit = Q Zit + it (25)
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2 =T+ XI5 k(s/M) (T + T,
where « is the coefficient and ¢; is the error. The control function approach (CF;
Wooldridge, 2015) assume the error term e;; is expressed by the error term g;; in equation
(25)
Eit = Qo ™ + Wy (26)
p2x1

_ / _ / _ ]
Let wy = ni& + wir, wi. = (win, Wiz, -, wir), and w = (wy.,wa., ..., wn.). Q7 are
TxN TxN

T x N matrix being the j* additional error matrix [qg%]f:’]{izl, associated with parameter

m; for j ={1,2,--- ,pa}. Plugging equation (26) into equation (10) gives
MxYMx = Y0 8- MgX My + Y 7 - MxQ'Mx + MgwMyx  (27)

Compared with equation (10), controlling for the correlation between z;; and factor
structure, equation (27) add additional term "2 m; - MgQMx to control for the
endogeneity between between z;; and ;. If ()7 is observed, the least square estimators
of (27) is consistent. We only interest in the slope § and then partial out nuisance
parameters.

Furthermore, we vector the variables in equation (27) as Section 2. Similarly, Q =
NTXp

[vec(MxQ' M), - -+ ,vec(MxQP2Mx)], and @ = vec(MgwMy). Thus, equation (27)

can be further parameterized by
Y = XB+Qr+ . (28)

Since ¢;; is not observed in practice, we then follows two-step procedure to estimate
the parameters in the spirit of the control function approach. In the first step, run

regression (25) to obtain residuals

Git = Tait — (g e @ainly) () Sy 2izly) ™ i,

and then Q obtained as above definition. In the second step, after plugging Q into
transformed variables, we lastly obtain the interested coefficients [, by the pooled

estimator

BM4 = (X/MQX)_IX/M@Y/ (29)
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4.2 Asymptotic Properties

Assumption 6 (i) E(qy) = 0, and E(||qu||*) < oo for all i,t; (i) E(quq;,) = Sqijts
with constant ||Sqijsl| < oo for all i,j,t,s. (iii) for j = {1, - ,po},E(x10q),) =
E(zuq),) = 0.

Assumption 7 (i) E||zy||* < 0o; (i) the matrices (NT) " S2N ST 22l and (NT) ™ X' Mg X

converges to non-singular matriz, as (T, N) — oo.

Assumption 8 (i) wy is independent of Ty, qix and zy (ii) Given Ty and zy, let Wy =
(wit,... wne)', and Wy = \/LN Zfil wit, in which Wy follows a process Wy = g(0y,6;_1,--+)
with 0, = (01, ,0nt)" being a sequence of independent and identically distributed
random vectors, E(0y|T;, zi) = Oy, and g(-) is a measurable function. In addition, let
Wy = \/LNWt*’lN, where W} = g(0y,--+ ,01,00,0",,--) is the coupled version of Wi,
and 0, is an independent copy of 0. Suppose that y =, t25tU7,€ < 00, for k > 4, where
5& - HWt - Wt*Hl-:'

Similar to Section 2.3, according to Assumptions 2, 6, 7 and 8, we obtain:
(i) Let X = (My ® Mg)MgX, and its the (i — 1)T + t row of X is Xy,
NTxp - px1

(NT)~2Y ST Rywi 5 N(0,057),

1 , N T <N =T s> % : :
where @g\,)T = plim 7> ii1 Dorn Dot Doseq Blwawl ) XX, is p X p dimensional
(T,N)—o0
nonsingular positive matrix.

(i) Z = (Myx® Mg)MgXMy, and the (i — 1)T + t row of Z is Zy;,

NTxp px1
_ nd d
(NT)V2N S L qie - N(0,05),

2 , N T N 7 > o0 : :
where @§V)T = plim 7> sy Yoy Soie Doset Bl ) L' T, is pX p dimensional
(T,N)—o0
nonsingular positive matrix.

Under above Assumptions, we can show the MLS estimator, combined with control

function approach is also consistent.
Proposition 1 Under Assumptions 1, 2, and 6-8, as (T, N) — oo, then
=P d
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where Vg = UabOnpUny with Uk = plim ﬁX’MQX and Onr = @ﬁ\l,)T + @ﬁ)T
(N,T)—o00

5 The Dependent Wild Bootstrap (DWB) Tests

(Need to adjust) As stated above, for s = {2, 3,4}, the variance of v/ NT (53, —
f) is not feasible to be estimated by traditional Panel HAC estimation. In
this section, we apply the DWB procedure with B repetitions for obtaining the sequence
5}"\457,], b={1,---, B}, and then estimating Vj,. Specifically, we illustrate the procedures
by estimating V3, and show its asymptotic properties. The estimating of Vg3 and Vi
can be derived similarly and then are omitted. An [-dependent time series ¢, satisfying

the following condition:

Assumption 9 Let E(e) = 0, E(e}) = 1, E(e}) < o0,E(ees) = k(52), where 1
and % — 0, as (I,T) — oo, and k(-) is a symmetric kernel function defined on
[—1,1] satisfying that k(-) is Lipschitz continuous on [—1,1], k(0) = 1, and K(d) =
[ k(u)em™idu >0 for all d € R.

The DWB estimator of Vj, is given by the bootstrap population variance-covariance
matrix of (B}"m— Barz), conditional on the original data, that is V220! = Var*(g}fm— Bara),

implemented under the following steps:
1. After get the consistent estimator /B\MQ, we get Uy = i — :%itBMg,
2. DWB procedure (which is repeated B times)
(a) Generating @y, ), = Ugey, for t = {1,--- , T};
(b) Generating g, , = Fufs + Uy, for t = {1, | T};
(¢) obtaining Mundlak type estimator B}k\/m(b) = (Zf\il Zthl iitigt)*l(zij\il Zthl TitTiyp);
3. Calculate the bootstrap standard error based on the series 5%, (b),b = {1,2,--- , B},

N 1 ~ = ~ =
Vi = =720 (Bina(0) = Bira) (Birz(0) = Bira)’

. = 1 B
with B3/ = B Zb:l 67\42,1;-
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We test the null hypothesis HY: f; = (7,7 € {1,---,p}, with scalar 3}, against the
alternative hypothesis H! : 3 # [y. Traditional T test is adaptive, such as Thys; =
Vg;ﬂ/ Q(BMQJ- — 5?) with Vo ;; is the j*"diagonal element of Vg, if Vjo is consistent
estimated or known in prior. Thus, according to Theorem 1, then Ty ; AN (0,1).
The bootstrap T statisAtic is Trpp; = (Viesh )72 (Bha.5(b) —ABMQ,J-) W/i\th V]\Z"Q"fjj/\is the
j"diagonal element of V75" and its p-value pj = & P H{|Bhsa,i(b) = Buz gl > |Bara;—

B}

For the multivariate null hypothesis H} : R;3 = 6;, with 0, being an [ x 1
IXp

constant vector, against the alternative hypothesis H} : R, # 0;, the Wald-
type statistics is Wyo = NT(R18—0,) (R Vs R)) ' (R18—0:) and its asymptotic
distribution is xg, if Vo is available. Since Vjp, is infeasible, instead of Aj\b/[ogt,
the bootstrap Wald test is applied, W, = (5&2—31\42)’]%’1(}21 /boot R 1R, (3}*\42—
Bara). (W} is compared with which statistic?)

We give another Assumption 10, same as Assumption 3 in Gao et al. (2023), let |¢|

denotes the largest integer not larger than g,

Assumption 10 For q € |q], suppose that lim,_o Loh@) b, for some real number

||a

0 < by < o0.

Let P* is the probability measure induced by the wild bootstrap conditional on the

observed data, and then we have following Theorem 3.

Theorem 3 Under Assumptions 1-3, 9, 10, as (T, N) — oo, then
(i) If B — o,
(NT) Vit 2 Vg
(ii)
sup |P* (T < 7) — P (Tasa < 7)| 20,

and
sup |[P* (Wi <7) — P(Wape < 7)] 2 0.

To select the optimal [ above, Gao et al. (2023) minimized the mean squared error
and they suggest that if ¢ = 1, I,y = O(TY?) and if ¢ = 2, I,y = O(T'5).
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6 The Robust Tests

Following the spirit of robust inference in Vogelsang (2012), we propose a robust testing
statistics, which is robust for heteroskedasticity, serial correlation and cross-sectional
dependence in the error term U. Here, we also illustrate the testing via the Mundlak
estimator BMQ. Let 0y = Tyt with iy = Uit — :E;tBMg. Define v, = Zf\il Ty and
compute a HAC estiﬁ;tor as

Q= To+ S k(s/M)(T, +TY),

A

where I'y = % Ly~ M. Q is equivalent to be expressed as

1 LT
:TZZK“VW

t=1 s=1

{Qb

where K;s = k(|t — s| /M) is the Bartlett kernel with bandwidth M. According to the
definition of u;, we select the bandwidth equal to the sample size M = T, as in Kiefer
and Vogelsang (2002). Thus, the estimation of variance-covariance matrix of BMQ has

the following sandwich form,

VHACSC = T(foil Zthlfitsz Q(Zz 1 Zt 1xltxzt>

Based on above state, we consider the test for Ryf8 = 6,, against Rof8 # 0, with Ry is
alx (p+ 1) matrix and 6, is a [ X 1 dimensional constant. Thus, we define the robust

Wald test,

Waldgacse = (RoPara — 02) (ReViracse Ry) ™ (RaBarz — 02).
and in the case with [ = 1,the robust T type statistics is

RQBM? -

02
tmacsc = - :
\/ B2V acsc Ry

For a € (0,1], W;(1,a) denotes a [ x 1 dimensional vector of standard Brownian

motion and B; denote a [ X 1 dimensional standard Brownian bridges. In addition,

Assumption 11 For a € (0,1], the matriz plimryeo(NT)"' SN, zgﬂTI] Tudl, =

aV and VU are assumed to be non-singular.
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Assumption 12 Fora € (0,1] and W,(1,a) denotes a p x 1 vector of standard Brow-
nian sheets, (NT)"1/2 3N, Z,[ff;] Tty = AW,(1,a) and Q are assumed to be non-

singular.

Assumption 13 The process Tyt is a mean zero vector of three dimensional station-

ary random fields indexed by i,t, s.

Under the fixed b asymptotic framework, in our particular setup b = 1, the test
statistics weakly convergence to random matrix under above Assumptions, which are
borrowed from Kiefer and Vogelsang (2005) ,Vogelsang (2012) and others.

Theorem 4 Under Assumptions 1, 11-13, as (T, N) — oo, then
Waldy acse = Wi(1)'[2f) Bi(r)Bi(s)'dr] ™ Wi(1),
and

Wi(1)
2[01B1 (r)2dr

thacsc =

To simplify, we use the Bartlett kernel with bandwidth M equal to the sample size
T, such that b = 1 in the fixed b asymptotic theorem. The critical values of the T test
are reported in Table 1 of Kiefer and Vogelsang (2002) and the critical value of the Wald
Testing for ¢ = 1,2, --- ;30 can be obtain by multiplying 0.5¢ the critical value in Table
IT in Kiefer, Vogelsang and Bunzel (2000). For the fixed b asymptotic distribution of the
testing statistics with 0 < b < 1 and other kernel, such that Case (i) twice continuously
differential kernel or Case (ii) twice continuously differential kernel with continuity in
Kiefer and Vogelsang (2005) and Vogelsang (2012), are also appropriate in our paper.
The critical values for the asymptotic distributions of the Wald and 7' tests refer to
Table B in Vogelsang (2012).

7 Monte Carlo Simulations

This section provides Monte Carlo simulations to examine finite sample performance
of our proposed the Mundlak least squared estimators of Section 2 (M LS2), Section
3 (MLS3). We compared those estimators with the CCE approach (Pesaran, 2006),
IFE (Bai, 2009), MLE (Bai and Li, 2014), ATE (Hsiao et al., 2021). For the case of
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endogeneity, we compare the results of our proposed Mundlak-Control methods (MLS2-
CF and MLS3-CF), with the common correlated estimator with instrumental variables
(IVCCE; Harding and Lamarche, 2011); the profile GMM estimator (PGMM; Hong et
al., 2023) and the average transformed GMM estimator (TGMM; Hsiao et al., 2023).

For all the simulations, the data {y;, z;:} are generated as,
Yo = xuf+ Nfi+ea,

where the true slopes 5 = (51, 82)" with 81 = 1 and s = 2. The factor loadings \; =
(Ni1, \iz)’ are set as A\j; ~ 7idx*(1) and Ao @ N(0.2,0.2). For t = {—49,....0,....., T}, let
vy ~ didx*(3) — 3 with py = 0.5, fi _50 = 0. the common factors f; = (fu, fi2)’ follows
AR(1) process,

fe = ppfi-1 + g

For the errors ¢;;, we consider two cases: (i) €; follows stationary AR(1) process
with heteroskedasticity across each i. Let p,. ~ 1idU[0.5,0.9], 0; ~ 1idU[0.8,1.8], (i ~
iidx*(3) — 3 for both i and ¢t = {—49,....0, ..., T},

Eit = Pic€it—1 + oi(1 — p?E)O.SCZ't)

where ¢; _50 = 0. (ii) ¢;; follows stationary AR(1) process with cross-sectional depen-
dence and heteroskedasticity across each i. f; ~ iidN(0,1) is one additional factor,

with loadings A} ~ iidx?(2) — 2, which are uncorrelated with z;. The errors
it = MNJT 4 picgigar + 0i(1— pi)* G

We replicate each experiments 500 replications and report the root mean squared
errors (RMSFE) and mean bias (Bias) of 1, under different combination of samples,
such that N = {20, 50,100,200} and 7" = {20, 50, 100,200}. Let v;z; ~ itdN(0,1) and
Vit ~ itdx?*(3) — 3, the regressors x;; are driven by various combination of factor struc-
ture and vy = (vit1,vVir2)’, stated below. In the iterative estimation by the approach
of IFE, MLE and ATE, we allow for the maximum number of iterations reaches 2000,
until [|3*t — 3%|| < 0.0001,at the s + 1 step. In our simulations, we found the ATE
has the fast converge rate of iterative estimation and MLE has the lowest converge rate
of iterative estimation. The initial values of slope in all the iterative algorithm is the

least squared estimator.
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7.1 Data generating process of x;

We consider various correlations between regressors x;; and factor structure stated below
DGP1-DGP4, another DGP are show in the Appendix.
DGP 1(CLF): the regressors z;; are driven by linear combination of factors and its

loadings,

Tie1 = 3fe1 +Nig +2fr2 + XNig + Vi1,
Tito = fr1 +2XNi1 +2fro +3Ni2 + vira.

DGP 2 (CIF]_, Bai and Ll7 2014) Let €1 ~~ ZZdN(O5, 1),67;2 ~ ZZdN(OQ, 1),61'3 ~
itdN(0,1), €4 ~ dN(0.7,1). We set three regressors and two factor, in which the

regressors are driven by

Tit,1 Ait, Ai2,
T = | T2 | = | Nt Fer, e+ €, | fi v,
Tit,3 it + €3, A2 + €,
0.5 0.3
such that T = 1 0.5 | is of full row and full column rank.

0.5 1
DGP 3 (CIF2; Bai, 2009; Hsiao et al., 2021): the regressors x; are driven by

interactive effects and linear combination of factors and its loadings,

Tign = 1+ Nofi + fia + X1+ fro+ N2+ v,
Tito = 1+ Nofe + fra+ X1+ fro+ A2+ vio.

DGP 4 (CLF, CIF1 with Additive effects): additive two-way fixed effects,
where the z;; is same as that of DGP 1, DGP 2 and

Yit = TS+ Nofy + i + T + i,

where o; = (Z;1 + Ti2)/2 — %sz\;(@zl + Z;2)/2) + v; with v; ~ dN(0,1), and
7o = (Tpn + 342) /2 — 2 30 (Te1 + Te2)/2) + v with v, ~ iidN(0,1). As note by Bai
(2009), while the additive fixed effects and interactive fixed effects both exist, the data
should be handle firstly by the two-way transformation to eliminate the additive fixed
effects. Then, in DGP 3, the approach of CCE, IFE, MLE and ATE are conducted on

the two-way transformed data.
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DGP 5 (Endogeneity): the generating of data is same as Design of Hong et al.
(2023), exception that one-dimensional regressor z;; are generated as linearly correlated
with fty/\i and Eits

Ty = 14+3fix+ X1+ fio+ 2N+ v,

or in the interactive format

Ty = 1+ fihi+ fir+ N1+ fro+ X2+ v
Let zi = (2it1, zit2)' be the instrumental variables. For the errors in the model,
Eit = €t + Pic€ir—1 + oi(1 — P?a)0'5Cit-

The variables are generated as

Vst 1 05 05 n
Zit,1 . 05 1 0 0
Zit,2 AN | Oaca, 05 0 1 0

€it n 0 0 1

The endogeneity is depicted by the correlation efficient n between ¢; and v;. We set

1n = 0.5 in our simulations.

7.2 Results

The results of the root of mean squared error (RMSE) and Bias of all experiments are
attached in Appendix B and additional simulations are show in Appendix C. In the
DGP 1, the regressors x;; is linear correlated with factors and loadings, making the
CCE approach has larger RMSE and is inconsistent, show in Table 2. The RMSE of
our MLS2 and MLS3 estimators are similar to that of ATE and is smaller than that
of IFE and the MLE is most efficient estimator. From the view of Bias, our MLE has
better performance in the finite sample as MLE, other approaches have relative bigger
bias. Table 15 in the Appendix C reports the results of the DGP 1 with cross sectional
dependence in the errors. The dependence errors are generated by one additional unob-
served factor f;” with loading A\;. The cross-sectional dependence can also be modelled
by the spatial model. It shows that our MLE2 is robust. Table 16 in the Appendix C
extend the simulation of DGP 1, in which 7 = 6. Table 17 in the Appendix C extends

the DGP 1 with the true factor number r = 4 and the estimated number of factors
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7 = 2. They all show our MLS are robust and consistent, thus those results all verify
Theorem 1.

Table 3 show the RMSE and Bias of DGP 2 with the interactive effects,
which is similar to the setup of Bai and Li (2014). It show that the CCE
approach has large RMSE and Bias, while the correlations between )\; and
I'; exists. Due to the correlations, the IFE has largest RMSE and Bias. Our
MLS2 perform better that the CCE and a litter worse that MLE and ATE.
If the errors have larger heteroskedasticity across individuals, our MLS has
robust results than the MLE and ATE, as show in Table 4. In addition,
we also consider the case of two regressors and one common factors in the
Appendix C.

Table 5 and 6 show the RMSE and Bias of DGP 2 with the interactive effects,
for the independent and identically distributed errors (iid) and auto-correlated errors
respectively. For all the case, we select 7 = 4. In the case of independent and identically
distribution, the IFE has the lowest RMSE and bias in the case of auto-correlated errors.
Our MLS3 has robust results as the MLE and ATE.

Table 7 consider the estimation of interactive panel data model with additional
additive effects?. As show in tables, the CCE approach can not allow for additive
additive fixed effects, with large RMSE and Bias. Regardless of transformation, the
RMSE and Bias of our MLS remains the same magnitude, as those of DGP 1. However,
the IFE and MLES3 are consistent after transformation. Without transformation, the
ATE is s consistent and the RMSE and Bias are all larger than those of MLS and after
transformation, they are a litter larger than those of MLS3. Table 8 consider the
case of interactive form with additional additive effects, such that z; are
interactive correlated with ). f, in DGP 2. We can conclude that the RMSE
and Bias of our MLS remains the same magnitude as Table 3.

Table 9 and 10 consider the case of endogeneity, for the linear and interactive formats
between the factor structures and regressors. It shows that the RMSE and Bias of all the
estimators all decrease as the sample increase. The RMSE of MLS2-CF, MLS3-CF, and
TGMM has advantage in the smaller sample. For the large sample with N =T = 200,
the RMSE of PGMM and TGMM is similar. In all, the performance of PGMM and
TGMM is a litter better than our proposed estimator and the IV-CCE has the worst

performance.

2 As noted in Bai (2009), the IFE needs the two-way transformation to eliminate the additive effects
firstly, show in Table 20 in the Appendix C.
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Table 12 reports the sample size and power of the wild dependent bootstrap estima-
tion, showing that the bootstrap test works well. Table 12 reports the sample size and
power of T test, plugging the estimated standard deviation of £, by the wild dependent
bootstrap procedure. The good performance implied the estimated standard deviation
of B, is consistent. Last, Table 14 show the sample size and power of the robust T’
test. For the larger correlation of errors, it encounters more size distortion as show in
Vogelsang (2012).

8 Empirical Analysis

In this section, we apply our approach to empirically investigate the output elasticity
with respect to public infrastructure in an aggregate production function of China (Feng
and Wu, 2018; Feng, 2020). we compare the estimation of MLS with the Mean Group
(MG) estimates without considering unobserved factors, CCE mean group estimator
(Pesaran, 2006), and IFE (Bai, 2009), and MLE (Bai and Li, 2014).

The empirical model comes from the aggregate production function,

9it = Bo + Bubit + Brkit + eir.

where g;; denotes the logarithm of the gross domestic product (GDP) per labor of the
province ¢ at year t, and b; is the logarithm of public infrastructure stock per labor,
and k;; is the logarithm of non-infrastructure capital stock per labor. Thus, 5, and
By are the estimated elasticizes of public infrastructure and non-infrastructure capital
respectively. Let \; denotes the unobserved provincial effect and ~; is the unobserved
year’s effect. For the panels with the two-way fixed effect, e;; = \; + v + €;x and for
the interactive model, e;; = A, f; + €;;. To eliminate the nonstationality of data, the first
order difference of model is done firstly, such as Ag;; = gis — gi1—1, and similar for Ab;,
and Ak;;. Thus, the model becomes

Agiy = Bo + BpAbi + BrAkiy + Aeyy.

The panel data set consists of the China’s 30 provincial infrastructure investments
over the period 1996-2015. This data set is collected from the website of National
Bureau of Statistics of China, used in Feng and Wu (2018). The summary statistics
of data refer to Table 1 in Feng (2020). The results by those methods are reported in
Table 1. The contents of the second column correspond to our proposed estimators.
From the results, we see that the estimated Bb and Bk by the MLS are only a lit different

from the results of other methods.
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Table 1: Output Elasticizes: Common Factors

Dependent Variable:

MG MLS IFE MLE CCEMG ATE
Independent variables: (1) (2) (3) (4) (5) (6)
B 0.205%**  0.164%**  0.197*%**  (0.193***  0.194***  (.193***
(0.025) - (0.017) (0.018) (0.023) -
[0.029] [0.021] [0.021] [0.025] [0.021] [0.033]
57 0.361%**  (0.372%%%  (0.349%**  (0.354***  0.407F**  0.407HF*
(0.031) - (0.018) (0.019) (0.037) -
[0.039] [0.024] [0.020] [0.014] [0.039] [0.042]
Year effects Yes Yes Yes Yes Yes Yes
No. of observations 569 569 569 569 569 569
Overall R? 0.65 - - 0.67 0.72 -
Empirical features:
slope heterogeneity Yes No No No Yes No
cross-sectional dependence No Yes Yes Yes Yes Yes

Note: (1) For the IFE and MLE, two factors are assumed in the estimation and the time
effects are added. (2) the standard error of estimators are reported in parentheses and
the wild Bootstrapping standard error of MLS are reported in brackets. Specifically,
for the MG, the standard errors are adjusted for 30 clusters or provinces. Bai (2009)
in Section 6 show that IFE is a result of least squares with the effects being estimated
in the Section 6. Thus, the standard error of IFE is computed as the regife command
of the Stata. The standard error of MLE is computed as the Remark 2.6 of Bai and
Li (2014). The standard error of CCEMG is computed as equation (58) of Pesaran
(2006). (3) The stars, *, ** and *** indicate the significance level at 10%, 5% and 1%,
respectively.

9 Conclusion and Discussions

In this paper, we research the one-way and two-way Mundlak projection estimators
of the panel data model with the interactive fixed effects in detail, allowing the linear
and interactive correlation between the regressors and factor structure. In addition, we
also combined the CF approach to allow for the case of endogeneity. Those estimators
need not the iterative estimation procedure and have good theoretical and finite sample
performances, compared with many other estimators.

The framework of the Mundlak projection estimation can be extended to others
interactive effects panels, for example, the nonlinear panels with the interactive fixed
effects, dynamic panels with the interactive fixed effects, the panel quantile regression

with the interactive fixed effects. We will explore the estimation of those models by the
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Mundlak projection estimation in the future.
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